Abstract. In this paper, we obtain some common fixed point theorems of single and multivalued maps under hybrid contractive conditions satisfying weakly commuting in IFMS. Our results extend previous ones in IFMS.
Introduction
Several authors( [2] , [3] , [5] , [6] , [7] ) studied and developed the concept in different directiond and proved fixed point in fuzzy metric space. Jungck [4] introduced the concept of compatible maps, and Aamri and Moutawakil [1] defined the property(E.A.), common property(E.A.) and proved common fixed point theorem in metric space. Also, Vijayaraju etal. [12] obtained some common fixed point theorems in fuzzy metric space. Recently, Park et.al. [9] introduced the IFMS, and Park [10] defined the property(E.A.), common property(E.A.) and proved common fixed point theorem in IFMS. Also, Park [10] defined another several theories in this space.
In this paper, we obtain some common fixed point theorems of single and multivalued maps under hybrid contractive conditions satisfying weakly commuting in IFMS. Our results extend previous ones in IFMS.
Preliminaries
In this part, we recall some definitions, properties and known results in the IFMS as following :
Let us recall(see [13] ) that a continuous t−norm is a operation * : * is a continuous t−norm, is a continuous t−conorm and M, N are fuzzy sets on X 2 × (0, ∞) satisfying the following conditions; for all
The functions M (x, y, t) and N (x, y, t) denote the degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.
(a) {x n } is said to be convergent to a point x ∈ X by lim n→∞ x n = x if and only if lim n→∞ M (x n , x, t) = 1, lim n→∞ N (x n , x, t) = 0 for all t > 0.
(b) {x n } is called a Cauchy sequence in X if and only if for all t > 0 and p > 0,
(c) X is complete if and only if every Cauchy sequence converges in X. Definition 2.3. Let CB (X) denote the set of all nonempty closed bounded subsets of X. Then for every A, B, C ∈ CB (X) and t > 0,
Definition 2.5. ( [11] ) A pair of self mappings (f, g) defined on an IFMS X is said to be compatible(or asymptotically commuting) if and only if for all t > 0,
where {x n } ⊂ X such that lim n→∞ f x n = lim n→∞ gx n = z for some z ∈ X. Lemma 2.6. Let f, g be two compatible mappings on IFMS X. If f x = gx for some x ∈ X, then f gx = gf x. Definition 2.7. ( [10] ) A pair of self mappings (f, g) defined on an IFMS X is said to satisfy the property(E.A.) if there exists a sequence {x n } ⊂ X such that lim n→∞ f x n = lim n→∞ gx n = z for some z ∈ X. Definition 2.8. A point x of IFMS X is a coincidence point of f and g if f x = gx = x. Definition 2.9. A point x of IFMS X is a coincidence point of f : X → X and F : X → CB (X) if f x ∈ F x. We denote the set of all coincidence points of f and F by C(f, F ).
Definition 2.10. The mappings f : X → X and F : X → CB (X) are weakly compatible if they commute at their coincidence points. i.e., f F x = F f x whenever f x ∈ F x. Definition 2.11. The mappings f : X → X and F : X → CB (X) are said to be commuting at X if f F x ⊂ F f x whenever f x ∈ F x. Definition 2.12. The mappings f : X → X and F : X → CB (X) are said to satisfy the property(E.A.) if there exists a sequence {x n } ⊂ X, some z ∈ X and A ∈ CB (X) such that lim n→∞ f x n = z ∈ A = lim n→∞ F x n . Definition 2.13. Let X be an IFMS and F : X → CB (X). The map f : X → X is said to be F weakly commuting at x ∈ X if f f x ∈ F f x.
Main result
Definition 3.1. ([10] ) Let X be an IFMS and f, g, F, G : X → X. The maps pair (f, F ) and (g, G) are said to satisfy the common property(E.A.) if there exist sequences {x n }, {y n } ⊂ X such that lim n→∞ F x n = lim n→∞ Gy n = lim n→∞ gy n = lim n→∞ f x n = z for some z ∈ X. Definition 3.2. Let X be an IFMS and f, g : X → X and F, G : X → CB (X). The maps pair (f, F ) and (g, G) are said to satisfy the common property(E.A.) if there exist sequences {x n }, {y n } ⊂ X and A, B ∈ CB (X) such that lim n→∞ F x n = A, lim n→∞ Gy n = B, lim n→∞ f x n = lim n→∞ gy n = z for some z ∈ A ∩ B.
Theorem 3.3. Let f, g be two self maps of the IFMS X and let F, G be maps from X into CB (X) such that (i) (f, F ) and (g, G) satisfy the common property(E.A.), (ii) for all x = y in X and {x n } ⊂ X, M (F x n , Gy, t)
If f (X) and g(X) are closed in X, then (a) f and F have a coincidence point, (b) g and G have a coincidence point, (c) f and F have a common fixed point provided that f is F weakly commuting at v and f f v = f v for v ∈ C(f, F ), (d) g and G have a common fixed point provided that g is G weakly commuting at v and ggv = gv for v ∈ C(g, G), (e) f, g, F and G have a common fixed point provided that both (c) and (d) are true.
Proof. First, we prove (a) and (b). Since (f, F ) and (g, G) satisfy the common property(E.A.), then there exist sequences {x n }, {y n } ⊂ X, u ∈ X and A, B ∈ CB (X) such that lim n→∞ F x n = A, lim n→∞ Gy n = B, lim n→∞ f x n = lim n→∞ gy n = u for some u ∈ A ∩ B. Also, since f (X) and g(X) are closed subset of X, we have f v = u and gy = u for some v, y ∈ X. Now, we shall show that f v ∈ F v and gy ∈ Gy. The condition (ii) implies that
Taking the limit as n → ∞, we get
Since f v = gy = u, we obtain
Also, since M (A, Gy, t) ≤ M (u, Gy, t) and N (A, Gy, t) ≥ N (u, Gy, t) from Remark 2.4, we have 2M (A, Gy, t) ≤ 2M (u, Gy, t), 2N (A, Gy, t) ≥ N (u, Gy, t). On the other hand, we have from the condition (ii),
Taking the limit as n → ∞, we have (ii) for all x = y in X, M (F x, Gy, t) > min{M (f x, f y, t), M (f x, F x, t) + M (f y, Gy, t) 2 , M (f x, Gy, t) + M (f y, F x, t) 2 }, N (F x, Gy, t) < max{N (f x, f y, t), N (f x, F x, t) + N (f y, Gy, t) 2 , N (f x, Gy, t) + N (f y, F x, t) 2 }.
If f X is closed in X, then (a) f, F and G have a coincidence point, (b) f, F and G have a common fixed point provided that f is both F weakly commuting at v and G weakly commuting at v and f f v = f v for v ∈ C(f, F ).
Proof. If f = g, then the proof follows from Theorem 3.3.
